Laplace Frames
transforms 2

Learning outcomes

When you have completed this Programme you will be able to:

e Use the Heaviside unit step function to ‘switch’ expressions on
and off

e Obtain the Laplace transform of expressions involving the Heavi-
side unit step function
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Iintroduction

In the previous Programme, we dealt with the Laplace transforms of
continuous functions of t. In practical applications, it is convenient to
have a function which, in effect, ‘switches on’ or ‘switches off’ a given
term at pre-described values of t. This we can do with the Heaviside unit
step function.

Heaviside unit step function

Consider a function that maintains a zero value for all values of t up to
t = ¢ and a unit value for t = ¢ and all values of t > c.

f)=0 fort<c

f(t)
f&)=1 fort>c

0 c t

This function is the Heaviside unit step function and is denoted by
f(t) =u(t—c)

where the c¢ indicates the value of t at which the function changes

from a value of O to a value of 1.
Thus, the function

f(®)
1P

is denoted by f(t) =............

f(t) =u(t—4)

Similarly, the graph of f(t) = 2u(t — 3) is
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f(H)

So u(t — ¢) has just two values

fort<cut—c)=............
fort>cut—c)=............

t<cu(t—-c)=0; t>zcqut—-c=1

Unit step at the origin

u( If the unit step occurs at
the origin, then ¢ = 0 and
1 f(t) = u(t — c¢) becomes
f(t) = u(t)
0 t

ie. u(t)=0fort<0
u(t)y=1fort > 0.
Effect of the unit step function

The graph of f(t) = t2 is,
161 of course, as shown.

f(t)

I Il . -t
T T T

-4 -2 0 2 a t
Remembering the definition of u(t — c), the graph of
f()=ut—2)-£is
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For t<2,ut—-2)=0 .. ult-2)-2=0-£=0
t>2,ut-2)=1 . ut-2)-2=1-2=¢

So the function u(t — 2) suppresses the function #? for all values of t up
to t = 2 and ‘switches on’ the function t? at t = 2.

Now we can sketch the graphs of the following functions.

(@) f(t) =sint forO0<t<2nw

®) f(t) =u(t—=/4) -sint for 0 <t < 2m.

These give ............

and ............

That is, the graph of f(t) = u(t — n/4) - sint is the graph of f(t) =sint
but suppressed for all values prior to t = /4.
If we sketch the graph of f(t) = sin(t — n/4) we have

Since u(t — c) has the effect of suppressing a function for t < ¢, then
the graph of f(t) = u(t — x/4) - sin(t — 7/4) is

............
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That is, the graph of f(t) = u(t — n/4) - sin(t — n/4) is the graph of
f(t) =sint (t > 0), shifted =/4 units along the t-axis.

In general, the graph of f(t) =u(t —c) - sin(t — ¢) is the graph of
f(t) =sint (t > 0), shifted along the t-axis through an interval of

¢ units.
Similarly, for ¢ > 0, sketch the graphs of
@ fy=e"

®) fO=ut—c) et
© () =u(t—c)-e®9
@) F(t) =eHu(t— 1) — u(t - 2)}.

Arrange the graphs under each other to show the important

differences.
@
© \ (o) = et
0 —
® L ‘
f(o \[\ f(&) = u(t - et
0
¢ t
© -
f(t) N u(t—c)-eXt-9
0
¢ t
@ [
0 \"\[___f@ = et{u(t-1)-u(t-2))
o —.

In (a), we have the graph of f(t) = e~*

In (b), the same graph is suppressed prior to t = ¢

In (c), the graph of f(t) = et is shifted ¢ units along the t-axis

In (d), the graph of f(t) = e~* is turned on at t = 1 and off at t = 2.
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Laplace transform of u(t - c)

Lu(t -9y =5~

Because
L{u(t—¢c)} = J eStu(t — c)dt
0

but
_ 0 forO<t<c
St. _
€ u(t_c)_{e‘“ fort>c
so that

o0 o)
L{u(t—c)} = . eSty(t —c)dt = L et dt

[e—st] o0 e—5¢
c

—S N

Therefore, the Laplace transform of the unit step at the origin is

L)} = e
1
s
Because ¢ = 0,
So Liu(t o)y =
and L{u()} = 1.

s
Also from the definition of u(t):

L(1) = L{1- u(f)}
L(t) = L{t - u(t)}
L{F(H)} = L{F(®) - u(t)}

Make a note of these results: we shall be using them
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As we have seen, the unit step function u(t — ¢) is often combined with
other functions of t, so we now consider the Laplace transform of

u(t—c)-f(t—oc.

Laplace transform of u(t-c)-f(t-c)
(the second shift theorem)
L{u(t —c) - (f(t — )} = e “L{f(t)} = e™“F(s)
Because
L{u(t—c)-f(t—o)} = ro etu(t—c)-f(t—c)dt
0
0 forO<t<c

but e Stu(t —¢) =
( ) {e—“ fort>c

so that

L{u(t—c)-f(t—c)} = r eStf(t—c)dt

We now make the substitution t —c=v so that t = c+v and df = dv.
Also for the limits, when t=¢, v=0 and when t— oo, v — 0.
Therefore

L{u(t—o) - fit—c)} = J: eSEF(V) dv

=e“ J: e fv)dv

Now J e %f(v) dv has exactly the same value as J e Stf (t) dt which
0 0

is, of course, the Laplace transform of f(t). Therefore

L{u(t — ) - f(t - )} = e L{f(£)} = e™F(s)

L{u(t—c)-f(t—c)} =€ -F(s) where F(s) = L{f(t)}

So L{u(t —4)-(t— 4)2} = e .F(s) where F(s) = L{1?}

—_ e_4s (g_'> = Ee_is.
53 53

Note that F(s) is the transform of 2 and not of (t — 4)%.
In the same way:

L{u(t—3)-sin(t—3)} =............
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e—3s

s2+1

Because L{u(t — 3) - sin(t — 3)} = ¢~ - F(s) where F(s) = L{sint}
1
S s2+1

1
M — - S [ — —3s —_—
o L{u(t—3)-sin(t—3)} =e (sz+1)
So now do these in the same way.

@) L{u(t —2)-(t— 2)3} e
®) L{u(t—1)-sin3(t - 1)}  =...oooo.....
(©) L{u(t—>5)- et} =
(d) L{u(t —n/2) -cos2(t —w/2)} =............

Here they are
@) L{u(t ~2)-(t-2)’} = -F(s) where F(s) = L{}

| —25
g (3_) _&”
s s

() L{u(t—1)-sin3(t—1)} =e™*-F(s) where F(s) = L{sin 3t}
_sf 3 \_ 3
()5

© L{u(t -5)- e(t‘s)} =e">.F(s) where F(s) =L{e'}

1 e—Ss
_ —5s _€
=€ ( —1> s—1

(d) L{u(t —7/2) - cos2(t — w/2)} = e ™/?.F(s) where F(s) = L{cos 2t}

_ e—1rs/2 s _ s- e—1rs/2
s +4 s2+4

SoL{u(t—c)-f(t—c)} =e = -F(s) where F(s) =L{f(t)}.
Wiritten in reverse, this becomes

If F(s) = L{f(t)}, then e™* - F(s) = L{u(t - ¢) - f(t — ¢)}
where c is real and positive.
This is known as the second shift theorem.

Make a note of it: then we will use it
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If F(s) = L{f(£)}, then == - F(s) = L{u(t — c) - f(t — ¢)}

This is useful in finding inverse transforms, as we shall now see.

Example 1

—4s

s>

The numerator corresponds to e~ where ¢ = 4 and therefore indicates
u(t — 4).

Then slz _F(s)=L{t} . f(t)=t.

Find the function whose transform is

g L—l{es_:s} —u(t—4)-(t—4)

Remember that in writing the final result, f(f) is replaced by

Example 2

25
Determine L! be .
s2+4

The numerator contains e 2 and therefore indicates ............

u(t—2)

The remainder of the transform, i.e. —6—, can be written as 3 _E_
s2+4 s2+4

3 ﬁ:p(s)zu ............ }

L{3sin2t}

6e=2
.71 _
R L2 W
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u(t —2) - sin2(t — 2)

Because

—2s
L—1{S6ze+4} =u(t—2)-f(t—2) where f(t) =L‘1{ 6 }
=u(t—2)-3sin2(t - 2)

Example 3

oS
Determine L-1{ 3¢ |,
249

This, in similar manner, is ............

u(t—1)-cos3(t—1)

Because the numerator contains e~* which indicates u(t — 1).
s
Also o F(s) = L{cos 3t}

o f®)=cos3t . f(t—1)=cos3(t—1).
L1 {%} =u(t—1)-cos3(t—1)

Remember that, having obtained f(¢), the result contains f(f — c).
Here is a short exercise by way of practice.

Exercise

Determine the inverse transforms of the following.

2¢5 25738
@) 3 @@ Z-16

3e72s S5e—s
(b) 2-1 (e) p

8% s-es/?
© =73 ® w13

Results — all very straightforward.
@) u(t—5)-(t-5)>

(b) 3u(t —2)-sinh(t - 2)

(©) 4u(t —4)-sin2(t—4)

(d) 2u(t —3) - cosh 4(t - 3)

(e) Su(t-1)

® u(t—1/2)-cosvV2(t—1/2).
Before looking at a more interesting example, let us collect our results
together as far as we have gone.
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The main points are

@ u(t—c)=0 O<t<c} )
=1 t>c
® Liut -0y =~ o
L{u(t)} =
(© L{u(t—c)-f(t—c)} == -F(s) where F(s) =L{f(£)} 3)
(d) If F(s) = L{f ()}, then e™ - F(s) = L{u(t — ©)} - f(t — ©)} (4)
Now let us apply these to some further examples.
Example 1
Determine the expression f(t) for which
3 4e S
L{f(t)} =§—%—+—‘;—2‘

We take each term in turn and find its inverse transform.

(a) L‘l{%} = 3L‘1{%} =3 ie. 3u()

®) L—l{‘lse—;} —u(t—1)-4(t—1)

© L‘l{si;zs} =

u(t —2)-5(t — 2)

So we have L7! {%} = 3u(t)
L—l{%—i} =ut-1)-4(t-1)

L-l{ses;zs} —u(t—2)-5(t—2)

o F(f) =3u(t) —u(t—1) -4 — 1)+ u(t—2) - 5(t - 2)

To sketch the graph of f(t) we consider the values of the function
within the three sections 0 <t<1,1<t< 2, and 2 < t.

Betweent=0and t=1, f(t)=............

f(t)=3

Because in this interval, u(t) =1, but u(ft — 1) =0and u(t —2) =0. In
the same way, between t =1land t =2, f(t) =............
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f(t)=7 -4t

Because betweent=1and t =2, u(t) =1, u(t—- 1) =1, but
u(t—-2)=0.

L f)=3-4t-1)+0=3—-4t+4=7—4t
Similarly, fort > 2, f(t) =............

fH)=t-3

Becausefort > 2, u(t) =1, u(t—1)=1and y(t-2) =1
Sf()=3-4(t—-1)+5(-2)
=3-4t+4+5t-10=t-3
So, collecting the results together, we have
for O0<t<1, f(t)=3
1<t<2, f()=7—4t (t=1,f{t)=3;t=2,f(t)=-1)
2<t, fO)=t-3 (t=2,f)=-1t=3,ft)=0)
Using these facts we can sketch the graph of f(t), which is

Here is another.

Example 2

. . 12 3e 3e¥
Determine the expression f(t) =L 5 + Z and sketch the
graph of f(t).

First we express the inverse transform of each term in terms of the unit
step function.

This gives ............
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L {%} =2u(t); L! {%} =ut-1)-3(t-1)

L‘1{3§—;3s} =u(t-3)-3(0t-3)

Sof@® =2u®)+ut—-1)-3(t—-1)—u(t-3)-3(t-3)
So there are ‘break points’, i.e. changes of function, att=1and t = 3,
and we investigate f(t) within the three intervals.

O<t<1 fy=....o.......

1<t<3 fO=....ooooitt.

3<t fH=..ooooin.

O<t<1,f()=2 1<t<3,f(t)=3t-1; 3 <t f(H)=8

Because with

O<t<1, ut)=1,butut-1)=ult-3)=0 Sfe)=2
1<t<3, ut)=1ut—1)=1,butut-3)=0
LB =2+3(t-1)=3t-1 SLf)=3t-1
3<t, ut) =1, ut—-1)=1,ut—-3)=1
L) =2+3t-3-3t+9 Sof)=8
Therefore, the graph of f(t)is ............
f(0)
8 ______________ —_—
6 |
4+ |
|
2] ' |
1 1 1 |
0 1 2 3 4 t
. 2 t=1,f(t)=2
Between the break points, f(t) =3t~ 1 { t—3 f()—8

Now move on for the next example

Example 3

(1-e?)+e?)

If £(t) =L—1{
graph of the function.

Although at first sight this looks more complicated, we simply
multiply out the numerator and proceed as before.

}, determine f(t) and sketch the
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qfl—eB et e
o -1 {12 }

_ 1 e2 et 6
I A AR

We now write down the inverse transform of each term in terms of the
unit function, so that

fO)=ult) - t—ut-2)-t—2)+ut—4)-(t—4)—u(t-6)-(t—-6)

and we can see there are break pointsatt =2, t =4, t =6.

For 0<t<2, f(t)y=t—04+0-0 fit)y=t
2<t<4, f)=t-(t-2)+0-0 fity=2
4<t<6, f()=t—(t—2)+({t—-4)-0 fy=t-2
6<t, fO)=t—-(t—-2)+(t-4)—(t—6) f(t)=4

The second and fourth components are constant, but before
sketching the graph of the function, we check the values of f(t) =t
and f(t) =t — 2 at the relevant break points.

f(t)=t. Att=0,f(t)=0; att=2, f(t)=2
fy=t—-2. Att=4,f(t)=2; att=6,f(t)=4.
So the graph of the functionis ............

4 ____________________
10 , /E
|

It is always wise to calculate the function values at break points, since
discontinuities, or jumps, sometimes occur.
On to the next frame

Now for one in reverse.

Example 4
A function f(t) is defined by
f(t) =4 forO<t<2

=2t—3 for2<t.

Sketch the graph of the function and determine its Laplace transform.
We see that for t =0to t =2, f(t) =4.
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Notice the discontinuity at t = 2.
Expressing the function in unit step form:
f(t) =4u(t) — 4u(t —2) +u(t —2) - (2t - 3)
Note that the second term cancels f(t) = 4 at t = 2 and that the third
switches on f(t) =2t -3 at t = 2.
Before we can express this in Laplace transforms, (2t — 3) in the

third term must be written as a function of (t — 2) to correspond to
u(t — 2). Therefore, we write 2t — 3 as 2(t — 2) + 1.

Then f(t) = 4u(t) — 4u(t —2) + u(t — 2) - {2(t - 2) + 1}
=4u(t)—4u(t—2)+u(t—2)-2(t - 2) +u(t - 2)
=4u(t) — 3u(t —2) +u(t—2)-2(t - 2)

LY=o

4 3¢725 e %
s S 52

L{ft)} =

Here is one for you to work through in much the same way.

Example 5

A function is defined by f(t) =6 0<t<1
=8-2t 1<t<3
=4 3<t.

Sketch the graph and find the Laplace transform of the function.
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Expressing this in unit step form we have
f(t) =6u(t) —6u(t—1) +u(t—1)- (8 —2t)
—u(t-3)-(8-2t)+u(t-3)-4
where the second term switches off the first function f(f) =6 att=1
and the third term switches on the second function f(t) =8 — 2t,
which in turn is switched off by the fourth term at t = 3 and replaced
by f(t) = 4 in the fifth term.

Before we can write down the transforms of the third and fourth
terms, we must express f(t) =8 — 2t in terms of (ft—1) and (t - 3)
respectively.

8-2t=6+2-2t=6-2(t—1)
8-2t=2+6—-2t=2-2(t-3)

S f()=6u(t)—6u(t—1)+u(t—-1)-{6 —2(t—1)}

—u(t—3)-{2—-2(t—3)} +4u(t-3)
= 6u(t) — 6u(t — 1) + 6u(t — 1)
~u(t—1)-2(t—1) ~ 2u(t — 3)
+u(t—3)-2(t—3)+4u(t - 3)
which simplifies finally to f(£) =............

F() = 6u(t) — u(t — 1) - 2(t — 1) + u(t — 3) - 2(t - 3) + 2u(t — 3)

from which L{f(t)}=............

6 25 2e3 23
L{f(t)}=§‘ 2 T2t

Note that, in building up the function in unit step form

(@) to ‘switch on’ a function f(f) at t=c, we add the term
u(t—c)-f(t—oc

(b) to ‘switch off’ a function f(t) at t = ¢, we subtract u(t —¢) - f(t — ¢).

You have now reached the end of this Programme and this brings you
to the Revision summary and the Can You? checklist. Following
that is the Test exercise. Work through this at your own pace. A set of
Further problems provides additional valuable practice.
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% Revision summary 3
1 Heaviside unit step function: u(t — ¢)

(1) f(t)=0 O<t<c
=1 c<t

2 Suppression and shift

f(t) u(t-o)-f(t)

u(t-c)-f(t-c)

3 Laplace transform of u(t — c)
e—CS

L{ut -9} =5 L{u®) = 1.

4 Laplace transform of u(t —c) - f(t — )
L{u(t—c)-f(t—c)} =e“-F(s) where F(s) = L{f(t)}.
§ Second shift theorem

If F(s) = L{f(t)}, then e - F(s) = L{u(t — c) - f(t —c)} where cis
real and positive.
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¥4 Can You?

Checklist 3
Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can:

e Use the Heaviside unit step function to ‘switch’
expressions on and off?

Yes [l ] ] ] ] No

e Obtain the Laplace transform of expressions involving
the Heaviside unit step function?

Yes O O O O O No

Test exercise 3

1 In each of the following cases, sketch the graph of the function and find
its Laplace transform.

@ f(t)=3t O0<t<2

=6 2<t

®) f()=e* 0<t<3
=0 3<t

© fHy=t2 0<t<2
=2 2<t<3
=4 3<t

@) f(t) =sin2t O<t<mw
=0 T <t.

2 Determine the function f(t) whose transform F(s) is
F(s) = % {z —5e* + 8e‘33}.
Sketch the graph of the function between t =0 and ¢ = 4.
1+3 —25 _ p—3s
3 () :L—l{( 3P (1-e?)

sz
graph of the function.
4 Determine the function f(t) for which

o - {2 =521,

Sketch the waveform and express the function in analytical form.

}, determine f(t) and sketch the
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Further problems 3

1 XL{f(t)} = ;15 {33 +2¢7% — 2¢75 }, determine f(t).

2 If f(¢p) =L‘1{(1 —¢ s)(zl +e”) }, find f(t) in terms of the unit step
function. s
3 A function f(t) is defined by
ft)y=4 0<t<3
=2t+1 3<t.
Sketch the graph of the function and determine its Laplace transform.

4 Express in terms of the Heaviside unit step function
@ f)=t2 0<t<3
=5t 3<t.
() f(t) = cost O<t<nm

= cos 2t T<t<2m
= cos 3t 27 < t.

5 A function f(t) is defined by

ft)=0 O<t<2
=t+1 2<t<3
=0 3<t

Determine L{f(t)}.

6 A function f(t) is defined by
f(t) =t* O0<t<2
=4 2<t<Ss
=0 S<t
Determine (a) the function in terms of the unit step function
(b) the Laplace transform of f(t).




